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Major Challenge: compute posterior expectations 
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Local Exploration: apply any 
MCMC update to each chain 
(problem specific)

<latexit sha1_base64="z5QAaogknFw3xikZ9nn+0Xo2FZM=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vjw4rGC/ZA2hM120y7dbMLuRCihv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk04y2WyER3Q2q4FIq3UKDk3VRzGoeSd8Lx7czvPHFtRKIecJJyP6ZDJSLBKFrpsZ+KIMdATYNK1a25c5BV4hWkCgWaQeWrP0hYFnOFTFJjep6bop9TjYJJPi33M8NTysZ0yHuWKhpz4+fzg6fk3CoDEiXalkIyV39P5DQ2ZhKHtjOmODLL3kz8z+tlGN34uVBphlyxxaIokwQTMvueDITmDOXEEsq0sLcSNqKaMrQZlW0I3vLLq6Rdr3lXNff+stqoF3GU4BTO4AI8uIYG3EETWsAghmd4hTdHOy/Ou/OxaF1zipkT+APn8wcmWZCW</latexit>⇡tn
<latexit sha1_base64="fuy9DnMHCFR9OyDct0rvWLGDXDE=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBEEoSRF1GPBi8cK9gPaEDbbTbt0s4m7k0IJ+R1ePCji1R/jzX/jts1BWx8MPN6bYWZekAiu0XG+rbX1jc2t7dJOeXdv/+CwcnTc1nGqKGvRWMSqGxDNBJeshRwF6yaKkSgQrBOM72Z+Z8KU5rF8xGnCvIgMJQ85JWgkr59wP0M/k5dunvuVqlNz5rBXiVuQKhRo+pWv/iCmacQkUkG07rlOgl5GFHIqWF7up5olhI7JkPUMlSRi2svmR+f2uVEGdhgrUxLtufp7IiOR1tMoMJ0RwZFe9mbif14vxfDWy7hMUmSSLhaFqbAxtmcJ2AOuGEUxNYRQxc2tNh0RRSianMomBHf55VXSrtfc65rzcFVt1Is4SnAKZ3ABLtxAA+6hCS2g8ATP8Apv1sR6sd6tj0XrmlXMnMAfWJ8/zjySEg==</latexit>⇡tn+1



Communication: Metropolis-
Hastings move to swap the states of 
adjacent chains with probability <latexit sha1_base64="j7j8FDN3k+Xvboqy3mctkH1M6I4=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF48V7Ae0oUy2m3bpZpPuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUUdaksYhVJ0DNBJesabgRrJMohlEgWDsY38399hNTmsfy0UwT5kc4lDzkFI2VOj0UyQj7sl+uuFV3AbJOvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5V6qWYJ0jEOWddSiRHTfra4d0YurDIgYaxsSUMW6u+JDCOtp1FgOyM0I73qzcX/vG5qwls/4zJJDZN0uShMBTExmT9PBlwxasTUEqSK21sJHaFCamxEJRuCt/ryOmnVqt511X24qtRreRxFOINzuAQPbqAO99CAJlAQ8Ayv8OZMnBfn3flYthacfOYU/sD5/AEOKo/u</latexit>↵n

8

Local Exploration: apply any 
MCMC update to each chain 
(problem specific)

<latexit sha1_base64="3Z8Yiy7aUWZ4drhyrGFkGHgLAXI=">AAAB73icdVDJSgNBEO1xjXGLevTSGARPQ0/MoreAF48RzALJEGo6PUmTnp6xu0cIQ37CiwdFvPo73vwbO4ugog8KHu9VUVUvSATXhpAPZ2V1bX1jM7eV397Z3dsvHBy2dJwqypo0FrHqBKCZ4JI1DTeCdRLFIAoEawfjq5nfvmdK81jemknC/AiGkoecgrFSpwciGUFf9gtF4l7WSuScYOJWSpUqqVpCyp7VsOeSOYpoiUa/8N4bxDSNmDRUgNZdjyTGz0AZTgWb5nupZgnQMQxZ11IJEdN+Nr93ik+tMsBhrGxJg+fq94kMIq0nUWA7IzAj/dubiX953dSEF37GZZIaJuliUZgKbGI8ex4PuGLUiIklQBW3t2I6AgXU2IjyNoSvT/H/pFVyvapLbsrFemkZRw4doxN0hjxUQ3V0jRqoiSgS6AE9oWfnznl0XpzXReuKs5w5Qj/gvH0CY+qQKQ==</latexit>↵n

<latexit sha1_base64="z5QAaogknFw3xikZ9nn+0Xo2FZM=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vjw4rGC/ZA2hM120y7dbMLuRCihv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk04y2WyER3Q2q4FIq3UKDk3VRzGoeSd8Lx7czvPHFtRKIecJJyP6ZDJSLBKFrpsZ+KIMdATYNK1a25c5BV4hWkCgWaQeWrP0hYFnOFTFJjep6bop9TjYJJPi33M8NTysZ0yHuWKhpz4+fzg6fk3CoDEiXalkIyV39P5DQ2ZhKHtjOmODLL3kz8z+tlGN34uVBphlyxxaIokwQTMvueDITmDOXEEsq0sLcSNqKaMrQZlW0I3vLLq6Rdr3lXNff+stqoF3GU4BTO4AI8uIYG3EETWsAghmd4hTdHOy/Ou/OxaF1zipkT+APn8wcmWZCW</latexit>⇡tn
<latexit sha1_base64="fuy9DnMHCFR9OyDct0rvWLGDXDE=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBEEoSRF1GPBi8cK9gPaEDbbTbt0s4m7k0IJ+R1ePCji1R/jzX/jts1BWx8MPN6bYWZekAiu0XG+rbX1jc2t7dJOeXdv/+CwcnTc1nGqKGvRWMSqGxDNBJeshRwF6yaKkSgQrBOM72Z+Z8KU5rF8xGnCvIgMJQ85JWgkr59wP0M/k5dunvuVqlNz5rBXiVuQKhRo+pWv/iCmacQkUkG07rlOgl5GFHIqWF7up5olhI7JkPUMlSRi2svmR+f2uVEGdhgrUxLtufp7IiOR1tMoMJ0RwZFe9mbif14vxfDWy7hMUmSSLhaFqbAxtmcJ2AOuGEUxNYRQxc2tNh0RRSianMomBHf55VXSrtfc65rzcFVt1Is4SnAKZ3ABLtxAA+6hCS2g8ATP8Apv1sR6sd6tj0XrmlXMnMAfWJ8/zjySEg==</latexit>⇡tn+1



Communication: Metropolis-
Hastings move to swap the states of 
adjacent chains with probability <latexit sha1_base64="j7j8FDN3k+Xvboqy3mctkH1M6I4=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF48V7Ae0oUy2m3bpZpPuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUUdaksYhVJ0DNBJesabgRrJMohlEgWDsY38399hNTmsfy0UwT5kc4lDzkFI2VOj0UyQj7sl+uuFV3AbJOvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5V6qWYJ0jEOWddSiRHTfra4d0YurDIgYaxsSUMW6u+JDCOtp1FgOyM0I73qzcX/vG5qwls/4zJJDZN0uShMBTExmT9PBlwxasTUEqSK21sJHaFCamxEJRuCt/ryOmnVqt511X24qtRreRxFOINzuAQPbqAO99CAJlAQ8Ayv8OZMnBfn3flYthacfOYU/sD5/AEOKo/u</latexit>↵n

8

Local Exploration: apply any 
MCMC update to each chain 
(problem specific)

<latexit sha1_base64="z5QAaogknFw3xikZ9nn+0Xo2FZM=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vjw4rGC/ZA2hM120y7dbMLuRCihv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk04y2WyER3Q2q4FIq3UKDk3VRzGoeSd8Lx7czvPHFtRKIecJJyP6ZDJSLBKFrpsZ+KIMdATYNK1a25c5BV4hWkCgWaQeWrP0hYFnOFTFJjep6bop9TjYJJPi33M8NTysZ0yHuWKhpz4+fzg6fk3CoDEiXalkIyV39P5DQ2ZhKHtjOmODLL3kz8z+tlGN34uVBphlyxxaIokwQTMvueDITmDOXEEsq0sLcSNqKaMrQZlW0I3vLLq6Rdr3lXNff+stqoF3GU4BTO4AI8uIYG3EETWsAghmd4hTdHOy/Ou/OxaF1zipkT+APn8wcmWZCW</latexit>⇡tn
<latexit sha1_base64="fuy9DnMHCFR9OyDct0rvWLGDXDE=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBEEoSRF1GPBi8cK9gPaEDbbTbt0s4m7k0IJ+R1ePCji1R/jzX/jts1BWx8MPN6bYWZekAiu0XG+rbX1jc2t7dJOeXdv/+CwcnTc1nGqKGvRWMSqGxDNBJeshRwF6yaKkSgQrBOM72Z+Z8KU5rF8xGnCvIgMJQ85JWgkr59wP0M/k5dunvuVqlNz5rBXiVuQKhRo+pWv/iCmacQkUkG07rlOgl5GFHIqWF7up5olhI7JkPUMlSRi2svmR+f2uVEGdhgrUxLtufp7IiOR1tMoMJ0RwZFe9mbif14vxfDWy7hMUmSSLhaFqbAxtmcJ2AOuGEUxNYRQxc2tNh0RRSianMomBHf55VXSrtfc65rzcFVt1Is4SnAKZ3ABLtxAA+6hCS2g8ATP8Apv1sR6sd6tj0XrmlXMnMAfWJ8/zjySEg==</latexit>⇡tn+1



Round trips

9

How to assess the performance of PT?
ESS etc influenced by exploration; want to evaluate communication



Round trips

9

How to assess the performance of PT?
ESS etc influenced by exploration; want to evaluate communication

Ref

Tgt

Round Trip: when a reference state makes it to the target and back



Round trips

9

How to assess the performance of PT?
ESS etc influenced by exploration; want to evaluate communication

Round Trip Rate: the frequency of round trips

Ref

Tgt

Round Trip: when a reference state makes it to the target and back



Non-Reversible Parallel Tempering (NRPT)

10

Deterministically alternate between even and odd, … [OKO+01]

Ref

Tgt



Non-Reversible Parallel Tempering (NRPT)

10

Deterministically alternate between even and odd, … [OKO+01]

Ref

Tgt



Non-Reversible Parallel Tempering (NRPT)

10

Deterministically alternate between even and odd, … [OKO+01]

Ref

Tgt



Non-Reversible Parallel Tempering (NRPT)

10

Deterministically alternate between even and odd, … [OKO+01]

Ref

Tgt



Non-Reversible Parallel Tempering (NRPT)

10

Deterministically alternate between even and odd, … [OKO+01]

Ref

Tgt



11

- NRPT eliminates diffusive behaviour provides optimal round trip rate for a 
given path [SBD+19, JRSS-B]

reference

target iteration # [SBD+19]
Bayesian  

changepoint model

- [SBD+19] derives a robust and efficient algorithm to find optimal annealing 
schedule for a given path



12

Bayesian Mixture Model (d = 305) 

Ising Model (d = 25)

Copy number inference (d = 30)

ODE parameter inference (d = 5)

- Whole genome ovarian cancer data 

- mRNA data
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Reversible PT1 Chain Non-Reversible PT 

Copy number inference (d = 30)
- Whole genome ovarian cancer data 
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The EHT Collaboration, 2021. First M87 Event Horizon Telescope Results. VII. Polarization of the Ring.

Event horizon telescope collaboration (EHT) 
used NRPT process original photo from 3 days 
to 1 hour with higher confidence 


Recently EHT used NRPT to discover magnetic 
polarization in the M87 blackhole!

BC Cancer Research Center used NRPT to 
improve phylogenetic inference of single cell 
cancer data by order of 400x [DSC+20]
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A Breakdown in Communication

reference and target are nearly mutually singular
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global communication barrier      is large!

Is this problem just fundamentally hard? 
(hope not...they’re Gaussians…)

Bad for Bayes: prior (reference) and posterior (target) often nearly mutually singular
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No round trips after 50K steps… 
(not to mention upper bound of ~100...)

e.g. Gaussian ref & target

-1 1

0.01

50 chains

i.i.d. exploration
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What kinds of path families should we consider in practice?

2. Should include the linear path
3. Should deform reference to target while maximizing overlap

1. Shouldn’t be specific to a particular reference, target  (e.g.                        ) 

Piecewise twice continuously differentiable functions:

- Family of paths:

Designing path of densities → designing a path in 

which path?
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Ref: Tgt: 

red/green: linear path 
 
black: best possible for linear path 
 
blues: optimized spline path
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Ref: Tgt: 

red/green: linear path 
 
black: best possible for linear path 
 
blues: optimized spline path



Beta-Binomial Model
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Shapley Galaxy Data (d = 95)
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Reference:

Target:


50,000 scans,             chains




Scaling with Dimension
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Reference:

Target:


50,000 scans,             chains


problem gets harder


but benefit of using 
optimized vs linear paths 
actually increases
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Conclusion
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PT enables inference  
with intractable, 

 multimodal posteriors

but the standard linear path has 
suboptimal communication efficiency

this work: PT on optimized paths

- new theory of general path efficiency

- flexible spline path family

- path tuning algorithm

https://arxiv.org/abs/2102.07720
arXiv preprint:
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What about asymptotics in N (increasing parallel threads)?

Theorem:

generalized communication barrier  
looks sort of like “path length” for PT!

In practice we use the path 
integral          on the linear spline  
(we only have discretized path)

Proposition: 
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28

SKL has better gradient signal (early stages)

e.g. Gaussian ref & target

0

could switch to optimizing the 
round trip rate in later iterations

G
ra

di
en

t S
NR

we use the schedule tuning 
procedure from [SBD+19]



Gaussians
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Ref: Tgt: 

blue: 1 / (round trip rate) 

orange: symmetric KL


