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▸ Algorithmic: Single chain tries to simultaneously efficiently explore & be accurate

▸ Hardware: Clock speeds are stagnant, and modern computation is distributed

▸ Solution: Build an interacting particle system

▸ Delegate exploration to tractable reference chain

▸ Communicate to target through the interpolating distributions

Tractable Reference 

Intractable Target  

Interpolating 
Distributions

PROBLEMS WITH SERIAL MCMC
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▸ Reference distribution  supported on  such that:η(dx) = η(x)dx 𝕏

▸ Target distribtution  supported  such that:π(dx) = π(x)dx 𝕏

▸ For each  we we can evaulate the un-normalised density β γβ(x) ∝ πβ(x)

▸ Local exploration Markov kernels  such that  is -invariant for each , i.e.  Kβ(x, dx′￼) Kβ πβ β

▸ We can efficiently sample and evaluate the normalised density  for all η(x) x ∈ 𝕏

▸ We we can evaluate the un-normalised density  for all γ(x) ∝ π(x) x

▸ The path  interpolating between the reference and target  and β ↦ πβ π0 = η π1 = π

▸ At  we have  is the independent kernel for β = 0 Kβ(x, dx′￼) = η(dx′￼) η

▸ Annealing schedule specifying how to discretise the annealing path
0 = β0 < β1 < ⋯ < βN = 1
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Parallel AnnealingSequential Annealing

▸ We simultaneously evolve a system of particles to approximation the annealing path

▸ Construct path sequentially
▸ Samples generated in parallel

▸ Construct path in parallel

▸ Samples generated in sequentially

▸ Interacting  Parallel Tempering→
▸ Distributed  Simulated sampling→
▸ Interacting  Sequential Monte Carlo Samplers→

▸ Distributed  Annealed Importance Sampling→

▸ Built using importance sampling ▸ Built using MCMC
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▸ Parallel Annealing:

▸ Sequential annealing:

▸ Parallel Tempering (PT)

▸ Annealed importance sampling (AIS)

▸ (Annealed) Sequential Monte Carlo samplers (ASMC)

▸ For the next 5 lectures we will do the following: 

▸ Simualted Tempering (ST)

▸ Tuning annealing algorithms

▸ Normalising constant estimation
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▸ Introduce multiple interpolating distributions with enough overlap to maintain stability

▸ Referenced stabilised MCMC is stable when reference is close to target
▸ Acceptance rate is stable

▸ Referenced stabilised MCMC is fragile when the reference share little support with target

▸ Most proposed refernce samples are rejected

RECALL STABILISED MCMC
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▸ Uses stabilised MCMC to target annealing distributions in parallel 

PARALLEL TEMPERING
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▸ Algorithm: given  states  at iteration N t − 1

2. Communication: Propose swaps for adjacent components

▸  Accept / Reject according to Metropolis-Hastings criterion
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▸ Parallel tempering constructs MCMC chain  on  targetting Xt 𝕏N+1 πβ0
⊗ ⋯ ⊗ πβN

Reference States 

Target States

Interpolating StatesXt =

XN
t

⋮
Xn

t
⋮

X0
t

∼ πβN

∼ πβn

∼ πβ0

PARALLEL TEMPERING
▸ Independently discovered in statistics and physics

▸ Charles Geyer in 1991 in statistics
▸ Koji Hukushima and Koji Nemoto in 1995 in physics
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▸ Parallel tempering constructs MCMC chain  on  targetting Xt 𝕏N+1 πβ0
⊗ ⋯ ⊗ πβN

Reference States 

Target States

Interpolating StatesXt =

XN
t

⋮
Xn

t
⋮

X0
t

∼ πβN

∼ πβn

∼ πβ0

PARALLEL TEMPERING

▸ Generate  from  using by applying the local exploration and communication movesXt Xt−1

Xt ∼ KPT(Xt−1, dx′￼) KPT = KexplKcomm

▸ Independently discovered in statistics and physics
▸ Charles Geyer in 1991 in statistics
▸ Koji Hukushima and Koji Nemoto in 1995 in physics
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▸ Exploration: Update components of  in parallel using MCMCx = (x0, …, xN)

▸ Assume that an independent sample from reference 

▸ Update the  using the local move  targeting xn Kβn
πβn

▸ For example, Metropolis-Hastings, Gibbs sampling, RWM, MALA, HMC, etc.

LOCAL EXPLORATION

Kexpl(x, dx′￼) = Kβ0
⊗ ⋯ ⊗ KβN

(x, dx′￼)

= η(dx′￼0)
N

∏
n=1

Kβn
(xn, dx′￼n)
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▸ Accept/reject using Metropolis-Hastings:

K(n,n+1)(x, dx′￼) = α(n,n+1)(x)δx(n,n+1)(dx′￼) + (1 − α(n,n+1)(x)δx(dx′￼)

▸ The -th swap move takes the state  proposes  swapping components  and n x x(n,n+1) n n + 1

x(n,n+1) = (x0, …, xn−1, xn+1, xn, xn+2, …, xN)

SWAP MOVE

α(n,n+1)(x) = 1 ∧
π(x(n,n+1))

π(x)
= 1 ∧

πβn
(xn+1)πβn+1

(xn)

πβn
(xn)πβn+1

(xn+1)

▸ Acceptance probability only depends on likelihood:
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▸  indicated if the -th swap is proposedP(n,n+1)
t ∈ {0,1} n

▸ Communication move
Kcomm =

N

∏
n=1

K(n,n+1)P(n,n+1)

t

▸ These are the largest collection of swap moves in parallel

▸ A special is odd and even swaps 

Kcomm ∈ {Kodd, Keven}, Kodd = ∏
n odd

K(n,n+1), Keven = ∏
n even

K(n,n+1)

▸ Note that in general, the order matters

▸ Order does not matter!
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Single Chain MCMC
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Single Chain MCMC

Parallel Tempering (N = 10)

MCMC VS PARALLEL TEMPERING
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(d = 9)

Single Chain MCMC Parallel Tempering

EXAMPLE: MULTIMODAL TARGETS
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t = βIm
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▸ We note that   is   shuffled according to permutation   
<latexit sha1_base64="9UrjuBJMOfxwpBQ8FwbRRG2XDzY=">AAAB83icbZDLSsNAFIYn9VbrrerSzWARXJVErFVwUXDjsoK9SBPKZDpph04mYeZELKGv4caFIm59GXe+jZM2oFZ/GPj4zzmcM78fC67Btj+twtLyyupacb20sbm1vVPe3WvrKFGUtWgkItX1iWaCS9YCDoJ1Y8VI6AvW8cdXWb1zz5TmkbyFScy8kAwlDzglYCzXBfYAfpDeTfvQL1fsqm3X6rULnEGmb3ByqKBczX75wx1ENAmZBCqI1j3HjsFLiQJOBZuW3ESzmNAxGbKeQUlCpr10dvMUHxlngINImScBz9yfEykJtZ6EvukMCYz0Yi0z/6v1EgjOvZTLOAEm6XxRkAgMEc4CwAOuGAUxMUCo4uZWTEdEEQomppIJwVn88l9on1Sds+rpzWmlcZnHUUQH6BAdIwfVUQNdoyZqIYpi9Iie0YuVWE/Wq/U2by1Y+cw++iXr/Qux6ZIc</latexit>

Yt
<latexit sha1_base64="iZaGkBerHgfTpHSsGCF6Nf+lU6I=">AAAB83icbZDLSsNAFIYn9VbrrerSzWARXJVEWqvgouDGZQV7gSaUyXTSDp1MwsyJWEJfw40LRdz6Mu58GydtQK3+MPDxn3M4Z34/FlyDbX9ahZXVtfWN4mZpa3tnd6+8f9DRUaIoa9NIRKrnE80El6wNHATrxYqR0Bes60+us3r3ninNI3kH05h5IRlJHnBKwFiuC+wB/CDtzQYwKFfsqm3XG/VLnEGmb3ByqKBcrUH5wx1GNAmZBCqI1n3HjsFLiQJOBZuV3ESzmNAJGbG+QUlCpr10fvMMnxhniINImScBz92fEykJtZ6GvukMCYz1ci0z/6v1EwguvJTLOAEm6WJRkAgMEc4CwEOuGAUxNUCo4uZWTMdEEQomppIJwVn+8l/onFWd82rttlZpXuVxFNEROkanyEEN1EQ3qIXaiKIYPaJn9GIl1pP1ar0tWgtWPnOIfsl6/wKwYpIb</latexit>

Xt
<latexit sha1_base64="qOjP/dh2uvoOYXiItv0jDGrv5cU=">AAAB83icbZDLSsNAFIYn9VbrrerSzWARXJVErFVwUXCjuwr2Ak0ok+mkHTqZhJkTsYS+hhsXirj1Zdz5Nk7agFr9YeDjP+dwzvx+LLgG2/60CkvLK6trxfXSxubW9k55d6+to0RR1qKRiFTXJ5oJLlkLOAjWjRUjoS9Yxx9fZfXOPVOaR/IOJjHzQjKUPOCUgLFcF9gD+EF6M+1Dv1yxq7Zdq9cucAaZvsHJoYJyNfvlD3cQ0SRkEqggWvccOwYvJQo4FWxachPNYkLHZMh6BiUJmfbS2c1TfGScAQ4iZZ4EPHN/TqQk1HoS+qYzJDDSi7XM/K/WSyA491Iu4wSYpPNFQSIwRDgLAA+4YhTExAChiptbMR0RRSiYmEomBGfxy3+hfVJ1zqqnt6eVxmUeRxEdoEN0jBxURw10jZqohSiK0SN6Ri9WYj1Zr9bbvLVg5TP76Jes9y+ZeZIM</latexit>

It

DISTRIBUTED PT
▸ Dual perspective on PT:  Swap annealing parameters not states! 

▸ More efficient for distributed implementation to swap numbers
▸ We can study communication through the dynamics of the permuted annealing parameters

▸  is commonly referred to as -th chain  and  the -th replicaXn
t n Ym

t m
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0 = Xm
0 , Im

0 = m, ϵm
0 = (−1)m
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▸ Round trip rate % of iterations with round trip
<latexit sha1_base64="FjFkYAyhblI4/cKsGns/FZtLTUM="></latexit>

⌧N = lim
t!1

E[total round trips by time t]

t

▸ Total round-trip and restarts differ by at most  and hence are equivalent to studyN

▸ Round Trip: when a  travels from  to  and back to Im
t 0 N 0

Iteration #
Reference

Target

▸ We can study the communication through index processes Im
t

▸ Restart: When  travels from  to , reference and target have communicated on machine Im
t 0 N m

OBJECTIVE OF PT
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▸ Propose swaps at random in communication phase
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<latexit sha1_base64="Pl1/R8lPKPYuNFG5AhnZJ7dwP8U=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCXjxJRLNAMoSeTk3SpKdn6O4RwpBP8OJBEa9+kTf/xs5y0MQHBY/3qqiqFySCa+O6305uaXlldS2/XtjY3NreKe7u1XWcKoY1FotYNQOqUXCJNcONwGaikEaBwEYwuBn7jSdUmsfy0QwT9CPakzzkjBorPdxdnXWKJbfsTkAWiTcjJZih2il+tbsxSyOUhgmqdctzE+NnVBnOBI4K7VRjQtmA9rBlqaQRaj+bnDoiR1bpkjBWtqQhE/X3REYjrYdRYDsjavp63huL/3mt1ISXfsZlkhqUbLooTAUxMRn/TbpcITNiaAllittbCetTRZmx6RRsCN78y4ukflL2zsun96elyvUsjjwcwCEcgwcXUIFbqEINGPTgGV7hzRHOi/PufExbc85sZh/+wPn8AaD5jWE=</latexit>
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<latexit sha1_base64="l/TMORKMfscrByjQaaqIWs6zi4s=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mVUr0IRS+epIL9gHYp2TTbhibZJckKZelf8OJBEa/+IW/+G7PtHrT1wcDjvRlm5gUxZ9q47rdTWFvf2Nwqbpd2dvf2D8qHR20dJYrQFol4pLoB1pQzSVuGGU67saJYBJx2gslt5neeqNIsko9mGlNf4JFkISPYZNL9tecOyhW36s6BVomXkwrkaA7KX/1hRBJBpSEca93z3Nj4KVaGEU5npX6iaYzJBI9oz1KJBdV+Or91hs6sMkRhpGxJg+bq74kUC62nIrCdApuxXvYy8T+vl5jwyk+ZjBNDJVksChOOTISyx9GQKUoMn1qCiWL2VkTGWGFibDwlG4K3/PIqaV9UvXq19lCrNG7yOIpwAqdwDh5cQgPuoAktIDCGZ3iFN0c4L86787FoLTj5zDH8gfP5AwlcjZc=</latexit>
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<latexit sha1_base64="l/TMORKMfscrByjQaaqIWs6zi4s=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mVUr0IRS+epIL9gHYp2TTbhibZJckKZelf8OJBEa/+IW/+G7PtHrT1wcDjvRlm5gUxZ9q47rdTWFvf2Nwqbpd2dvf2D8qHR20dJYrQFol4pLoB1pQzSVuGGU67saJYBJx2gslt5neeqNIsko9mGlNf4JFkISPYZNL9tecOyhW36s6BVomXkwrkaA7KX/1hRBJBpSEca93z3Nj4KVaGEU5npX6iaYzJBI9oz1KJBdV+Or91hs6sMkRhpGxJg+bq74kUC62nIrCdApuxXvYy8T+vl5jwyk+ZjBNDJVksChOOTISyx9GQKUoMn1qCiWL2VkTGWGFibDwlG4K3/PIqaV9UvXq19lCrNG7yOIpwAqdwDh5cQgPuoAktIDCGZ3iFN0c4L86787FoLTj5zDH8gfP5AwlcjZc=</latexit>
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<latexit sha1_base64="RoGHsvsHiSrXTdk+A4ox5pGqE8Q=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OJJKpi20Iay2U7apZtN2N0IpfQ3ePGgiFd/kDf/jds2B219MPB4b4aZeWEquDau++0UVlbX1jeKm6Wt7Z3dvfL+QUMnmWLos0QkqhVSjYJL9A03AlupQhqHApvh8HbqN59QaZ7IRzNKMYhpX/KIM2qs5N9fe67bLVfcqjsDWSZeTiqQo94tf3V6CctilIYJqnXbc1MTjKkynAmclDqZxpSyIe1j21JJY9TBeHbshJxYpUeiRNmShszU3xNjGms9ikPbGVMz0IveVPzPa2cmugrGXKaZQcnmi6JMEJOQ6eekxxUyI0aWUKa4vZWwAVWUGZtPyYbgLb68TBpnVe+iev5wXqnd5HEU4QiO4RQ8uIQa3EEdfGDA4Rle4c2Rzovz7nzMWwtOPnMIf+B8/gB38o3R</latexit>

N = 100

Index

▸ Propose swaps at random in communication phase

REVERSIBLE PT

Kcomm =
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Kodd +
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Keven
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▸ Propose swaps at random in communication phase

REVERSIBLE PT

▸ Propose swaps at random in communication phase

ϵm
t+1 ∼ Uniform{−1,1}

Kcomm =
1
2

Kodd +
1
2

Keven
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▸ Propose swaps at random in communication phase

REVERSIBLE PT

▸ Propose swaps at random in communication phase

ϵm
t+1 ∼ Uniform{−1,1}

Kcomm =
1
2

Kodd +
1
2

Keven

▸ The index process behaves like a lazy random walk!



Odd swaps Even swaps

3

1

4

2

Example

0

▸ Deterministically alternate between Odd and Even swaps 

23NON-REVERSIBLE PT (OKABE ET AL, 2001)



Odd swaps Even swaps

3

1

4

2

Example

0

▸ Deterministically alternate between Odd and Even swaps 

23NON-REVERSIBLE PT (OKABE ET AL, 2001)

Kcomm,t = Keven1(t ≡ 0 mod 2) + Kodd1(t ≡ 1 mod 2)



Odd swaps Even swaps

3

1

4

2

Example

0

▸ Deterministically alternate between Odd and Even swaps 

23NON-REVERSIBLE PT (OKABE ET AL, 2001)

Kcomm,t = Keven1(t ≡ 0 mod 2) + Kodd1(t ≡ 1 mod 2)

= ∏
n≡t mod 2

K(n,n+1)



Odd swaps Even swaps

3

1

4

2

Example

0

▸ Deterministically alternate between Odd and Even swaps 

23NON-REVERSIBLE PT (OKABE ET AL, 2001)

Kcomm,t = Keven1(t ≡ 0 mod 2) + Kodd1(t ≡ 1 mod 2)

= ∏
n≡t mod 2

K(n,n+1)



Odd swaps Even swaps

3

1

4

2

Example

0

▸ Deterministically alternate between Odd and Even swaps 

23NON-REVERSIBLE PT (OKABE ET AL, 2001)

Kcomm,t = Keven1(t ≡ 0 mod 2) + Kodd1(t ≡ 1 mod 2)

= ∏
n≡t mod 2

K(n,n+1)



Odd swaps Even swaps

3

1

4

2

Example

0

▸ Deterministically alternate between Odd and Even swaps 

23NON-REVERSIBLE PT (OKABE ET AL, 2001)

Kcomm,t = Keven1(t ≡ 0 mod 2) + Kodd1(t ≡ 1 mod 2)

= ∏
n≡t mod 2

K(n,n+1)



Odd swaps Even swaps

3

1

4

2

Example

0

▸ Deterministically alternate between Odd and Even swaps 

23NON-REVERSIBLE PT (OKABE ET AL, 2001)

Kcomm,t = Keven1(t ≡ 0 mod 2) + Kodd1(t ≡ 1 mod 2)

= ∏
n≡t mod 2

K(n,n+1)



▸ Deterministically alternate between Odd and Even swaps 

24NON-REVERSIBLE PT (OKABE ET AL, 2001)

Kcomm,t = Keven1(t ≡ 0 mod 2) + Kodd1(t ≡ 1 mod 2)

= ∏
n≡t mod 2

K(n,n+1)



▸ Deterministically alternate between Odd and Even swaps 

24NON-REVERSIBLE PT (OKABE ET AL, 2001)

Kcomm,t = Keven1(t ≡ 0 mod 2) + Kodd1(t ≡ 1 mod 2)

= ∏
n≡t mod 2

K(n,n+1)

▸ Non-reversible PT trajectories have momentum!



▸ Deterministically alternate between Odd and Even swaps 

24NON-REVERSIBLE PT (OKABE ET AL, 2001)

Kcomm,t = Keven1(t ≡ 0 mod 2) + Kodd1(t ≡ 1 mod 2)

= ∏
n≡t mod 2

K(n,n+1)

▸ Non-reversible PT trajectories have momentum!



▸ Deterministically alternate between Odd and Even swaps 

24NON-REVERSIBLE PT (OKABE ET AL, 2001)

Kcomm,t = Keven1(t ≡ 0 mod 2) + Kodd1(t ≡ 1 mod 2)

= ∏
n≡t mod 2

K(n,n+1)

▸ Non-reversible PT trajectories have momentum!

▸ If swap for machine  is acceptedm
ϵm

t+1 = ϵm
t



▸ Deterministically alternate between Odd and Even swaps 
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Kcomm,t = Keven1(t ≡ 0 mod 2) + Kodd1(t ≡ 1 mod 2)
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▸ Non-reversible PT trajectories have momentum!
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ϵm
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