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» Given a divergence D and a reference n and target «

D(rl|n)
1] el

» Solution 2: Keep the reference fixed and modify the target

» We can effieciently propagate inferences from n = n, to x; if D(x;|| ;) is small

D(r,|| )
By=1] — T,

» We can then efficiently propogate inference from x; to =, close to x;

D(7, [ 7y) D(m, || y)
Mo =1 e ) — T

» Can repeat until we reach the target

S D(7, || my) - D(”2||7Ti) r e Ty D(ﬂN||7T_zv)_1)
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» For € [0,1] suppose we hav distributions mgsuchthat my = nand 7y = @

» Tg is the annealing distribution corresponding to the annealing parameter

» Where B = f3,.y is the annealing schedule satisfying:
O0=fy<py<--<py=1

Target

Reference

075

050 -

025 Ierusenmrym st ramsscsony o

04

03 |

02 +

01

s - 00 F

Reference Distribution
Target Distribution

10

09

08

0.7

06

05

04

03

02

0.1
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» For € [0,1] suppose we hav distributions mgsuchthat my = nand 7y = @

» Tg is the annealing distribution corresponding to the annealing parameter

» Where B = f3,.y is the annealing schedule satisfying:
O0=fy<py<--<py=1

» Transform a d-dimensional multi-modal target into a d + 1-dimensional unimodal one
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HOW TO CONSTRUCT AN ANNEALING PATH

» Can think of the annealing path as a continuous curruption of the target & to noise 7

n(dx) = n(x)dx, n(dx) = z(x)dx = %dx
» We build annealing distribution by curupting the densities:
Vﬂ(x)
Z(p)

» B+ y,(x) is a continuous function for all x € X

) = 2(p) = [ p(x)dx

X

» Yo=nandy =y
» Z(f) < oo forall f € [0,1]

» We build annealing distribution by curupting the densities:

Vg=logys,  A(p) =logZ(p)
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LINEAR PATH

» The canonical choice is the linear/geometric path

Tt X nl_ﬁﬂﬁ

» Has un-normalised density: |
75(x) = n()' Py ()’
y(X)

= nw’,  wkx)=——=
n(x)
» Equivalently, it corresponds to the linear interpolation between the log-densities

Vﬂ = (1 —ﬂ)VO +ﬂV1
=V, + pV, V=1logw

» The linear path flattens the likelihood ratio between referece and target
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LINEAR PATH

» This object is independent of the state-space X, making it very generally applicable
Tt X 7]1_'371"3
» It has been independently been discovered and applied in a variety of domains
» e.g. probability, Bayesian, information geomerty, optimisation, and statistical mechanics
» The linear path greedily matches densities point wise for each x
» It is rarely optimal for sampling, but is practical

» We will see later how to design better paths
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ANNEALING AS A CURVE

» Suppose L(X) is the space of probability densities supported on X

y 75 defines a curve in P(X) parametrised by # with position 7

» We can measure how much the distribution changes from £ to ' through the likelihood ratio

» The change in position A]Z'ﬂ,ﬂ/ : X = R as the percentage change in likelihood

drz, T (x) — mH(X)
Aty = () = 1= ———
s s

7p




VELOCITY OF DENSITY



VELOCITY OF DENSITY

» Define the velocity of fl'ﬂ : X = R as the instantaneous rate position

o A0
7g(x) 1= Iim
Ap—0 Aﬂ



VELOCITY OF DENSITY

» Define the velocity of fl'ﬂ : X = R as the instantaneous rate position

o A7y g4 np(X)
7g(x) 1= Iim
Ap—0 Aﬂ

» The velocity coincides with the Fisher score encodes the direction and rate of change in density

d
Ji'ﬂ(x) = @ log ﬂﬁ(x)



VELOCITY OF DENSITY

» Define the velocity of fl'ﬂ : X = R as the instantaneous rate position

o A7y g4 np(X)
7g(x) 1= Iim
Ap—0 Aﬂ

» The velocity coincides with the Fisher score encodes the direction and rate of change in density
_ d
ﬂﬂ(x) = @ log ﬂﬂ(x)

» Note that for the linear path, the Fisher score constant velocity (upto an additive constant)

d
0 = V) = - AP)



VELOCITY OF DENSITY

» Define the velocity of fl'ﬂ : X = R as the instantaneous rate position

o A7y g4 np(X)
7g(x) 1= Iim
Ap—0 Aﬂ

» The velocity coincides with the Fisher score encodes the direction and rate of change in density
_ d
ﬂﬂ(x) = @ log ﬂﬂ(x)

» Note that for the linear path, the Fisher score constant velocity (upto an additive constant)

d
7x) = V(x) — —A(p)
» Proof: dp



VELOCITY OF DENSITY

» Define the velocity of fl'ﬂ : X = R as the instantaneous rate position

o A7y g4 np(X)
7g(x) 1= Iim
Ap—0 Aﬂ

» The velocity coincides with the Fisher score encodes the direction and rate of change in density
_ d
Jrﬂ(x) = @ log ﬂﬂ(x)

» Note that for the linear path, the Fisher score constant velocity (upto an additive constant)

d
7x) = V(x) — —A(p)
» Proof: dp

1) = lim e
Pl aps0 A



VELOCITY OF DENSITY

» Define the velocity of fl'ﬂ : X = R as the instantaneous rate position

o A7g g ap(X)
7g(x) 1= Iim
Ap—0 Aﬂ

» The velocity coincides with the Fisher score encodes the direction and rate of change in density
. d
Jrﬂ(x) = @ log ﬂﬂ(x)

» Note that for the linear path, the Fisher score constant velocity (upto an additive constant)

d
7x) = V(x) — —A(p)
» Proof: dp

iig(x) = lim A% prap) = lim g ap(X) — 7p(X)
b AB—0 AP A—0  ABmy(x)




VELOCITY OF DENSITY

» Define the velocity of fl'ﬂ : X = R as the instantaneous rate position

o A7y g4 np(X)
7g(x) 1= Iim
Ap—0 Aﬂ

» The velocity coincides with the Fisher score encodes the direction and rate of change in density
. d
Jrﬂ(x) = @ log ﬂﬂ(x)

» Note that for the linear path, the Fisher score constant velocity (upto an additive constant)

d
7x) = V(x) — —A(p)
» Proof: dp

. Aﬂ'ﬂ ,B+Aﬁ(x) . ﬂﬂ+Aﬂ(’x) — ﬂ'ﬂ(X) 1 dﬂ'ﬂ
. _ > —2 | —
0= m g M0 APy ) o ap
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» Define the velocity of fl'ﬁ : X = R as the instantaneous rate position

Aﬂﬂ,ﬂ'FAﬁ(x)
ﬂﬂ(x) Iim
Ap—0 A,B

» The velocity coincides with the Fisher score encodes the direction and rate of change in density
. d
Jrﬂ(x) = @ log ﬂﬂ(x)

» Note that for the linear path, the Fisher score constant velocity (upto an additive constant)

d
7x) = V(x) — —A(p)
» Proof: dp

Azt prapX) 7 ap(X) — ﬂﬂ(x) 1 d=m d
ﬂﬂ () = A%To Ap - A1/13I_I>l() Aﬁﬂ:ﬂ(x) Jt/;(x) ds () d B log ”ﬁ(x)
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VELOCITY OF EXPECTATIONS

» Forf: X — R the velocity 713 measures how the expectation ﬂ'ﬁ[ f] change with

» Proposition: Assume g and f are sufficiently regular, we have
d .
d_ﬁ /;[f] = ﬂﬁ[fﬂﬁ]

» Proof: Assume 74 and f are sufficiently regular, we have

d d
=5 L For)my(x)dx

r.

d
= J. f(x)@ﬂﬂ(x)dx

Jx)t5(x)ms(x)dx
Jx

= ﬂﬁ[f ffﬁ]
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v

In summary, we can equivalently express the velocity fl'ﬂ terms of densities and expectations

Velocity as a function: x — ﬁﬂ(x) defines a function equals to the instantaneous percentage

change in density 7z(x) at ff for all x € X

d
7g(x) 1= @ log 75(X)

Velocity as a measure: f — fl'ﬂ[ f] defines a (signed)-measure equal to the instantaneous rate

of change in expectation zg[ f] a ffor f : X = R with f(x)74(x) is integrable with respect to 7zg:

d
ﬂ'ﬁ[f] = @ ﬁ[f]

We will abuse notation and will identify Tty with both the density or distributional derivative

We can relate the derivatives of the expectation and densities through the identity:

il f1 = 7 ||



FISHER INFORMATION



FISHER INFORMATION

» The velocity 74(x) measures the percentage change in mass at x from f to f + Af



FISHER INFORMATION

» The velocity 74(x) measures the percentage change in mass at x from f to f + Af

ﬂﬂ'(x)

_ . 2
e I + ABitg(x) + O(AS?)



FISHER INFORMATION

» The velocity 74(x) measures the percentage change in mass at x from f to f + Af

ﬂﬂ'(x)

_ . 2
e I + ABitg(x) + O(AS?)

» Noteably when f = 1 we have



FISHER INFORMATION

» The velocity 74(x) measures the percentage change in mass at x from f to f + Af

”ﬂ'(x)

_ . 2
e I + ABitg(x) + O(AS?)

» Noteably when f = 1 we have

E ]_i [1]—i1—0



FISHER INFORMATION

» The velocity 74(x) measures the percentage change in mass at x from f to f + Af

ﬂﬂ'(x)

_ . 2
e I + ABitg(x) + O(AS?)

» Noteably when f = 1 we have

) =~ 1] = ~1 = 0

» The percentage change over X is zero as Af — 0



FISHER INFORMATION

» The velocity 74(x) measures the percentage change in mass at x from f to f + Af

ﬂﬂ'(x)

_ . 2
e I + ABitg(x) + O(AS?)

» Noteably when f = 1 we have

) =~ 1] = ~1 = 0

» The percentage change over X is zero as Af — 0

» We can measure the magnitude of the change using the variance deviation of ftﬂ at



FISHER INFORMATION

» The velocity 74(x) measures the percentage change in mass at x from f to f + Af

ﬂﬂ'(x)

_ . 2
e I + ABitg(x) + O(AS?)

» Noteably when f = 1 we have

) =~ 1] = ~1 = 0

» The percentage change over X is zero as Af — 0

» We can measure the magnitude of the change using the variance deviation of J'Zﬂ at

» This coincides with Fisher information as the variance at 3



FISHER INFORMATION

» The velocity 74(x) measures the percentage change in mass at x from f to f + Af

ﬂﬂ'(x)

_ . 2
e I + ABitg(x) + O(AS?)

» Noteably when f = 1 we have

) =~ 1] = ~1 = 0

» The percentage change over X is zero as Af — 0

» We can measure the magnitude of the change using the variance deviation of J'Zﬂ at

» This coincides with Fisher information as the variance at 3

1(p) = Vil 5] = ﬂﬁ[ﬁé]



FISHER INFORMATION

» The velocity 74(x) measures the percentage change in mass at x from f to f + Af

”ﬂ'(x)

_ . 2
e I + ABitg(x) + O(AS?)

» Noteably when f = 1 we have

) =~ 1] = ~1 = 0

» The percentage change over X is zero as Af — 0

» We can measure the magnitude of the change using the variance deviation of ftﬂ at

» This coincides with Fisher information as the variance at 3

1(p) = Vil 5] = ﬂﬂ[ﬁé]

» Measures how sensitive the annealing path is to small changes in
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EXAMPLE GAUSSIAN PATHS

» Example: Suppose 75 = N (,uﬁ, aﬂz) then the Fisther information equals

) %)
() = ——
%p
y |If Oy =0 IS constant then: .2
Hp
I(p) =—
o

» Changes in location correspond to linear changes in mass

» The distribution changes more rapidly when o is small for the unit change in u

» It g = pis constant then:

6 d 2
I(p) = G—ﬂz = (@ log (;ﬂ)

» Changes in scale correspond to logarithmic changes in mass independent of u
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T L5 = Al ] + mylf]
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Ly(x | y)p(x)
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» Where Lﬂ interpolates between 1 and L.

» Hence p, interpolates between the prior and posterior
Pp

» Can see the influence of the data/model
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» When Ly(y | x) = L(y | x)” we obtain the power posterior:

L(x|y)’ p(x) _ wP(x)m(x) B
ps» 2B

Pﬁ(x |y) = 7(X)

» We can re-interpret the linear path in terms of Bayesian terminology:

» e.qg.ifthe dataisiid
Liy|xy = [ | L1 07
i
» f < 1 synthetically downweights data

» > 1 synthetically identifying outliers in data

» Has applications in robust bayesian statistics, and coresets, etc
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» As [/ — 0o we have the second term goes to zero and Ttz concentrates on the null set of U
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» Note that U(x) = 0 is precicely when f(x) is minimised

Ux)=0 << x€&argminf(x)

X

» Sampling from 7, for large p is equivalent to global optimising
p

» Note that we did not make an assumption on the state-space

» Annealing methods were first introduced to tackle hard combinatorial optimization problems



