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▸ Provide the mathematical language for discussing sampling algorithms

▸ Formally introduce distributions, statistics, Markov Kernels, etc

▸ Provide multiple equivalent views to think about Markov kernels

▸ Overview of the properties of Markov kernels and chains

▸ Algebraic 

▸ Probabilistic

▸ Algorithmic

▸ Markov chains

▸ Fundamental concepts

▸ Convergence

▸ Fundamental recipe of MCMC
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μ(dx) = μ(x)dx
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▸ E.g. when  is discrete we can represent  as a -dimensional row vectors with 
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μ(xi)

▸ Given  with  and :μ, μ′￼∈ 𝒫(𝕏) μ(dx) = μ(x)dx μ′￼(dx) = μ′￼(x)dx



FUNCTIONS 4



FUNCTIONS 4

▸ Given a probability distribution , and function  we define:μ ∈ 𝒫(𝕏) f : 𝕏 → ℝ



FUNCTIONS 4

▸ Given a probability distribution , and function  we define:μ ∈ 𝒫(𝕏) f : 𝕏 → ℝ

μ[ f ] = ∫𝕏
f(x)μ(dx) = 𝔼μ[ f ] = 𝔼X∼μ[ f(X)]

▸ Expectation:



FUNCTIONS 4

▸ Given a probability distribution , and function  we define:μ ∈ 𝒫(𝕏) f : 𝕏 → ℝ

μ[ f ] = ∫𝕏
f(x)μ(dx) = 𝔼μ[ f ] = 𝔼X∼μ[ f(X)]

▸ Expectation:

▸ Variance:
𝕍μ[ f ] = μ[ f 2] − μ[ f ]2



FUNCTIONS 4

▸ Given a probability distribution , and function  we define:μ ∈ 𝒫(𝕏) f : 𝕏 → ℝ

μ[ f ] = ∫𝕏
f(x)μ(dx) = 𝔼μ[ f ] = 𝔼X∼μ[ f(X)]

▸ Expectation:

▸ Variance:
𝕍μ[ f ] = μ[ f 2] − μ[ f ]2

⟨ f, f′￼⟩μ = ∫𝕏
f(x)f′￼(x)μ(dx),

▸ Inner-product: 



FUNCTIONS 4

▸ Given a probability distribution , and function  we define:μ ∈ 𝒫(𝕏) f : 𝕏 → ℝ

μ[ f ] = ∫𝕏
f(x)μ(dx) = 𝔼μ[ f ] = 𝔼X∼μ[ f(X)]

▸ Expectation:

▸ Variance:
𝕍μ[ f ] = μ[ f 2] − μ[ f ]2

⟨ f, f′￼⟩μ = ∫𝕏
f(x)f′￼(x)μ(dx),

▸ Inner-product: 

∥f∥2
μ = ⟨ f, f ⟩μ = 𝕍μ[ f ] + 𝔼μ[ f ]2

▸ Norm: 



FUNCTIONS 4

▸ Given a probability distribution , and function  we define:μ ∈ 𝒫(𝕏) f : 𝕏 → ℝ

▸ Let  denote the set of functions with finite norm or equivalent finite varianceL2(μ)

μ[ f ] = ∫𝕏
f(x)μ(dx) = 𝔼μ[ f ] = 𝔼X∼μ[ f(X)]

▸ Expectation:

▸ Variance:
𝕍μ[ f ] = μ[ f 2] − μ[ f ]2

⟨ f, f′￼⟩μ = ∫𝕏
f(x)f′￼(x)μ(dx),

▸ Inner-product: 

∥f∥2
μ = ⟨ f, f ⟩μ = 𝕍μ[ f ] + 𝔼μ[ f ]2

▸ Norm: 



FUNCTIONS 4

▸ Given a probability distribution , and function  we define:μ ∈ 𝒫(𝕏) f : 𝕏 → ℝ

▸ Let  denote the set of functions with finite norm or equivalent finite varianceL2(μ)

μ[ f ] = ∫𝕏
f(x)μ(dx) = 𝔼μ[ f ] = 𝔼X∼μ[ f(X)]

▸ Expectation:

▸ Variance:
𝕍μ[ f ] = μ[ f 2] − μ[ f ]2

⟨ f, f′￼⟩μ = ∫𝕏
f(x)f′￼(x)μ(dx),

▸ Inner-product: 

∥f∥2
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▸ Norm: 

▸ E.g. when  is discrete we can represent  as a -dimensional column vectors 
with -th entry  

𝕏 = {x1, …, xn} f n
i f(xi)

μ[ f ] = ∑
x

μ(x)f(x)
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1. For all , x ∈ 𝕏, A ↦ K(x, A) ∈ 𝒫(𝕏)

▸ A Markov kernel  is a function such thatK : 𝕏 × ℱ → [0,1]

2. For all  is -measurable A ∈ ℱ, x ↦ K(x, A) ℱ

▸ In general we will denote  as the measure may not have a density over K(x, dx′￼) dx′￼

▸ We will abuse notation and use  it interchangeablyK(x, x′￼)

▸ E.g. when  is discrete:𝕏 = {x1, …, xn}

▸ We can represent  the a -dimensional square matrix with entries  K n × n K(xi, xj)

▸ Satisfies  the rows sum to 1K(x, x′￼) ≥ 0

∑
x′￼

K(x, x′￼) = 1
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▸ Kernels mathematically express algorithmic moves:

▸ Conversely, given a set of instructions for generating  to , there exists a kernel 
 such that  holds

X′￼∈ 𝕏 X ∈ 𝕏
K (1)

▸ A kernel  provides instructions to move samples  to K X ∈ 𝕏 X′￼∈ 𝕏

X′￼∼ K(X, dx′￼) (1)

▸ Both representations are important!
▸ Kernels allow us to formally study the correctness and mathematical properties of a given 

algorithm

▸ Instructions (i.e. pseudo-code) provide implementation details and analyse algorithmic 
complexity.

μ ⊗ K(dx, dx′￼) = μ(dx)K(x, dx′￼)

▸ Define  as the joint law   and μ ⊗ K ∈ 𝒫(𝕏 × 𝕏) X ∼ μ X′￼∼ K(X, dx′￼)
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⟺
1. Input   
2. Return 

X
X′￼= T(X )K(x, dx) = δT(x)(dx′￼)

▸ Independent kernel: Given η ∈ 𝒫(𝕏)

K(x, dx′￼) = η(dx′￼) ⟺ 1. Input   
2. Return 

X
X′￼∼ η

▸ Random Walk: If  𝕏 = ℝd

K(x, dx′￼) = N(μ(x), Σ(x), dx′￼) ⟺ 1. Input   
2. Return 

X
X′￼∼ N(μ(X ), Σ(X ))
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▸ Given  we can view a kernel  as operators in  μ ∈ 𝒫(𝕏) K L2(μ)

▸ Left multiplication: given  define μ ∈ 𝒫(𝕏) μK ∈ 𝒫(𝕏)

μK(dx′￼) = ∫𝕏
μ(dx)K(x, dx′￼)

▸ Right multiplication: given  define f : 𝕏 → ℝ Kf : 𝕏 → ℝ

Kf(x) = ∫𝕏
K(x, dx′￼)f(x′￼)

▸ When discrete equivalent to left multiplication by row vector

μK(x′￼) = ∑
x

μ(x)K(x, x′￼)

▸ When discrete equivalent to right multiplication by column vector

Kf(x) = ∑
x′￼

K(x, x′￼)f(x′￼)
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▸ Product: Given kernels  and  define the product kernelK1 K2

K1K2(x, dx′￼) = ∫𝕏
K1(x, dy)K2(y, dx′￼)

▸ In discrete case corresponds to matrix multiplication

(K1K2)(x, x′￼) = ∑
y

K1(x, y)K2(y, x′￼)

▸ Given  we denote  as the -times composition of K Kt = K⋯K t K

▸ Algorithmically corresponds to composition of algorithms

1. Input    
2.  
3. Return 

X
Y ∼ K1(X, dy)

X′￼= K2(Y, dx′￼)

▸ Kernels act as building blocks to construct algorithms:
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▸ Algorithmically corresponds to stochastically choosing algorithm

1. Input   
2. Generate  
3. If   return  
4. Else return 

X
U ∼ Uniform([0,1])

U < α(X) X′￼∼ K1(X, dx′￼)
X′￼= K2(X, dx′￼)

▸ In discrete case corresponds to convex combination

(αK + (1 − α)K′￼)(x, x′￼) = αiK(x, x′￼) + (1 − αi)K′￼(x, x′￼)
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πK(dx′￼) = ∫𝕏
π(dx)K(x, dx′￼) = π(dx′￼)
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t

∏
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K(xt−1, dxt)

▸ The joint law of  X0:t = (X0, …, Xt)

▸ Given a Markov chain defines a Markov kernel as the one step transition
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Df(μ′￼∥μ) = μ [f ∘
dμ′￼

dμ ] = ∫𝕏
f ( dμ′￼

dμ
(x)) μ(x)dx

▸ Let  be an convex function such that , define the  -divergence:f : ℝ+ → ℝ f(1) = 0 f

▸ The likelihood ratio or Radon-Nikodym derivative  and μ(dx) = μ(x)dx μ′￼(dx) = μ′￼(x)dx

dμ′￼

dμ
: 𝕏 → ℝ,

dμ′￼

dμ
(x) =

μ′￼(x)
μ(x)

TV(μ, μ′￼) =
1
2 ∫𝕏

|μ(x) − μ′￼(x) |dx = 1 − ∫𝕏
μ(x) ∧ μ′￼(x)dxf(r) =

1
2

|1 − r |

f(r) = (1 − r)2 χ2(μ′￼∥μ) = 𝕍μ [ dμ′￼

dμ ] = ∫𝕏 ( μ′￼(x)
μ(x)

− 1)
2

μ(x)dx

KL(μ′￼∥μ) = ∫𝕏
μ′￼(x)log

μ′￼(x)
μ(x)

dxf(r) = r log r

▸ We have  and with equality if and only if Df(μ′￼∥μ) ≥ 0 μ = μ′￼

▸ Examples:
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Df(μ′￼K∥μK ) ≤ Df(μ′￼∥μ)

▸ Data processing inequality: for any kernel  and K μ, μ′￼∈ 𝒫(𝕏)

▸ Therefore, if  is -invariant, then  and, K π π = πK

Df(π∥Kμ) ≤ Df(π∥μ)

▸ A -Invariant kernel can not push you away from target!π

▸ If  and  is -invariant, is  closer to  than ?X ∼ μ K π X′￼∼ K(X, dx′￼) π X

▸ BUT invariance alone does not guarantee that it will bring you closer either.

▸ Example: if  is the identity kernel, then  and hence,K(x, dx) = δx(dx′￼) μK = μ

Df(π∥Kμ) = Df(π∥μ)
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▸ A Markov chain is -irreducible if and ,  there exists  such that μ ∀x ∈ 𝕏, μ(A) > 0 t ≥ 0
Kt(x, A) > 0

▸ -irreducible Markov chain is aperiodic if for all , μ μ(A) > 0

gcd(t : ℙ[Xt ∈ A |X0 ∈ A] > 0) = 1

▸ Theorem: If  is a -irreducible, -invariant and aperiodic, then for any K π π μ

lim
t→∞

∥μKt − π∥TV = 0

▸ Implies  is an approximate sample from  when  is large enoughXt π t

▸ Irreducible chains always bring your closer to the target, but not always quickly

▸ E.g. multi-modal distribution…
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▸ Theorem: If  is a -irreducible, -invariant, Harris recurrent Markov chain, then for any 
integrable function  the following limit a.s. holds

Xt π π
f : 𝕏 → ℝ

lim
T→∞

1
T

T

∑
t=1

f(Xt) = π[ f ]

▸ Unlike the Monte Carlo estimator, this is biased for a finite time T

̂πT[ f ] =
1
T

T

∑
t=1

f(Xt)

▸ Given a function  we can approximate expectation using the averagef : 𝕏 → ℝ

▸ How long does it take to forget the initial distribution  and enter the stationary regime 
approximating the target ?

X0 ∼ μ
π

▸ A -irreducible Markov chain  is Harris recurrent if and , μ Xt ∀x ∈ 𝕏, μ(A) > 0

ℙx [∑
t

1A(Xt) = ∞] = 1
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▸ For , we define the mixing time for a -invariant kernel  equalsϵ > 0 π K

τmix(ϵ) = inf {t : sup
μ∈𝒫(𝕏)

TV(μKt, π) < ϵ}

▸ The mixing time for a uniformly ergodic chain satisfies:

τmix(ϵ) <
log ϵ

M

log ρ

▸  measures how long it takes to achieve stationarity and forget τmix μ

▸ A Markov chain is geometrically ergodic if there exists a  and  M(x) > 0 ρ ∈ [0,1]

∀x ∈ 𝕏, TV(Kt(x, ⋅ ), π) ≤ M(x)ρt

▸ A Markov chain is uniformly ergodic if  for some M(x) ≤ M M < ∞
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▸ Theorem (CLT): Under certain regularity assumptions, a Harris recurrent, -invariant Markov 
chain satisfying enough regularity conditions (e.g. reversible  geometrically ergodic), as 

π
T → ∞

T( ̂πT[ f ] − π[ f ]) ⟹ N(0,σ2( f ))

▸ The asymptotic variance decomposes as:

σ2[ f ] = lim
T→∞

T 𝕍[ ̂πT[ f ]] = 𝕍π[ f ]τcorr[ f ]

▸  is the -th lag defined as the autocorrelation coefficient at stationarityρt[ f ] t

ρt[ f ] =
Cov[ f(X0), f(Xt)]

𝕍π[ f ]
, (X0, Xt) ∼ π ⊗ Kt

▸  is the integrated autocorrelation time:τcorr

τcorr[ f ] = 1 + 2
∞

∑
t=1

ρt[ f ]

▸  measures how long it takes to forget a stationary sample τcorr X0 ∼ π
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▸ For large  the CLT implies the variance of the MCMC estimatorT

𝕍[ ̂πT[ f ]] ≈
σ2[ f ]

T
=

𝕍π[ f ]τcorr[ f ]
T

=
𝕍π[ f ]
Tess[ f ]

▸ Where we define the effective sample size (ESS) defined as

TESS[ f ] =
T

τcorr[ f ]
=

T
1 + 2∑∞

t=1 ρt[ f ]

▸ The ESS estimates the number of iid samples from   a Monte Carlo estimator would require to 
achieve a comparable variance to the MCMC

π

▸ The goal is to design MCMC kernels to reduce the auto-corellations

▸ ESS is a useful tool: but use with caution!!

▸ Only valid after burn-in until chain has converged is meaningless

▸ Generally not fun to compute and can be unstable

▸ ESS of a Markov chain doesn’t mean anything, it depends on the statistics of interest 



EXAMPLE RANDOM WALK ON A CIRLE 23



EXAMPLE RANDOM WALK ON A CIRLE 23

▸ Consider the random walk on a circle  where  is even.ℤn n



EXAMPLE RANDOM WALK ON A CIRLE 23

▸ Consider the random walk on a circle  where  is even.ℤn n

▸ Suppose  and  where X0 = 0 ℙ[Xt = m |Xt−1 = n] = K(n, m)

K(n, m) =
1
4

δn−1(m) +
1
2

δn(m) +
1
4

δn+1(m)



EXAMPLE RANDOM WALK ON A CIRLE 23

▸ Consider the random walk on a circle  where  is even.ℤn n

▸ Suppose  and  where X0 = 0 ℙ[Xt = m |Xt−1 = n] = K(n, m)

K(n, m) =
1
4

δn−1(m) +
1
2

δn(m) +
1
4

δn+1(m)

▸  is statiationary with respect to ´Xt π = Uniform[ℤn]



EXAMPLE RANDOM WALK ON A CIRLE 23

▸ Consider the random walk on a circle  where  is even.ℤn n

▸ Suppose  and  where X0 = 0 ℙ[Xt = m |Xt−1 = n] = K(n, m)

K(n, m) =
1
4

δn−1(m) +
1
2

δn(m) +
1
4

δn+1(m)

▸  is statiationary with respect to ´Xt π = Uniform[ℤn]

▸ This is a lazy random walk on a circle, mixes after  iterationsO(n2)



EXAMPLE RANDOM WALK ON A CIRLE 23

▸ Consider the random walk on a circle  where  is even.ℤn n

▸ Suppose  and  where X0 = 0 ℙ[Xt = m |Xt−1 = n] = K(n, m)

K(n, m) =
1
4

δn−1(m) +
1
2

δn(m) +
1
4

δn+1(m)

▸  is statiationary with respect to ´Xt π = Uniform[ℤn]

▸ This is a lazy random walk on a circle, mixes after  iterationsO(n2)

▸  if  is even and  if  is oddf(n) = 1 n f(n) = 0 n



EXAMPLE RANDOM WALK ON A CIRLE 23

▸ Consider the random walk on a circle  where  is even.ℤn n

▸ Suppose  and  where X0 = 0 ℙ[Xt = m |Xt−1 = n] = K(n, m)

K(n, m) =
1
4

δn−1(m) +
1
2

δn(m) +
1
4

δn+1(m)

▸  is statiationary with respect to ´Xt π = Uniform[ℤn]

▸ This is a lazy random walk on a circle, mixes after  iterationsO(n2)

▸  if  is even and  if  is oddf(n) = 1 n f(n) = 0 n

ℙ[ f(Xt) = 1] =
1
2

= π[ f ]

▸ For all  we have  are iid and ESS is t > 0 f(Xt) TESS[ f ] = T
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▸ The goal of MCMC is to construct a -stationary Markov chain  initialised as  satisfies 
the ergodic theorem and CLT

π Xt X0 ∼ μ

▸ Tuning phase (aka burn-in): 

▸ Given a budget of  iterations decompose as tuning and sampling budget:T
T = Ttune + Tsample

▸ Used to tune hyper parameters of chain

▸ Typically discard these samples

▸ Run long enough to forget the initial distribution  and exceed μ τmix(ϵ)

▸ Sampling phase:

▸ It’s not uncommon for half the budget to go into tuning

▸ Run long enough to achieve a target ESS or untill estimates stabilise

TESS[ f ] =
Tsample

τcorr[ f ]


